Exercise 3

A Simple Transformation of curves

1

Solution

(@ y=f(2x

Scale the graph parallel to the x-axis by a scale factor of %

3
A(-3,-1) > A(—E,—lj

1
B(-1,—1) —>B(—E,1j

1
Remark: multiply x-coordinate by E

(b) »y =foJ

Scale the graph parallel to the x-axis by a scale factor of 2.

A(=3,-1) > A(~6,-1)
B(-1,-1) > B(-2,1)

Remark: multiply x-coordinate by 2.

(© y=3f(x)

Scale the graph parallel to the y-axis by a scale factor of 3.

A(-3,-1) > A(-3,-3)
B(-1,-1) > B(~1,3)

Remark: multiply y-coordinate by 3.

B(-2.1)

y=1(2x)

A(-6,-1)

0

B(-1,3)

A(-3,-3)

0

y=3f(x)



) y=f(x-1) y
Translates the graph in the positive x direction by 1 unit.
A(-3,-1) > A(-2,-1)

B(—l,—l)—)B(O,—l) B(0,1)

Remark: add x-coordinate by 1. \/ 0
A(2,-1)

y=1f(x-1)

e y=~f(x+2)
Translates the graph the in negative x direction by 2 units.
A(-3,-1) > 4(-5,-1)
B(-3,1)
B(-1,-1) > B(-3,-1) N\

0
Remark: add x-coordinate by — 2. 4 (%

y=f(x+2)

® y=f(-x) ,
Reflects the graph in the y-axis. y=1(=x)
A(-3,-1) > 4(3,-1)

B(-1,-1) - B(1,-1) ey

» X
Remark: multiply x-coordinate by —1. o }(3.1/)
® y=-f(x) y

Reflects the graph in the x-axis.
A(-3,-1) - A(3; 1) A3 1)
B(-1,-1) — B(1,-1) /SN o .

B(-1-1)

y=—f(x)

Remark: multiply x-coordinate by —1.




(h) y=f(x>+§

. . oy 1
Translate the graph in the positive y direction by gw

A(=3,-1) > A(—3,—%)

B(-1,-1) > B(—l, I

1
Remark: add y-coordinate by g

@) y=f(x)-4
Translate the graph in the negative y direction by 4 units.

A(-3,-1) > A(-3,-5)
B(-1,-1) > B(-1,-5)

Remark: add y-coordinate by —4.

1) N

1
()
y=f(x)+s

A(-3,-5)

y=1f(x)-4



2

Solution

(@)

(b)

©

y=3f(x+2)
A(0,1) > (-2,1) > (-2,3)

B(l,oj%(_i,oj

2 2

C(2,00—> (0, 0)

D(4,3)—> (2, 3) - (—2, 3) - (—2, 9)
Asymptotes

x=1->x=-1->x=1

y=2->y=6

y=3f(—x+2)
A(0,1) > (-2,1) > (2,1) >(2,3)

(EURCUNED
2 2 2
C(2,0) - (0,0)

D(4,3) = (2,3) > (-2,3) > (-2,9)

Asymptotes
x=l->x=-1->x=1

y=2—>y=6

y=f(-x-1)
A(0,1) > (1,1) > (-1,1)

Asymptotes
x=l>x=2—>x=-2

x=-1 4
: D'(2.9)
‘ y=3f(x+2)
.................................................... y=6
4°(-2,3)
B\ ' o .
3
2
¥
A x=1
D(-2,9) ;
; y=3f(-x+2)
B RREEEEE R \EEE D :» -------------------------- y=6
3 1(2.3)
0.0 3 >
0,0) [BG,UJ
_ ¥
= A

D(-5,3)




(@ y=1-4f(2x) ,

A,

A(0,1)—>(0,1)—>(0,—4) —> (0,-3) 0 .)g.ﬂ y=1-412v)
' 1\ C(1,0) >

o{so)fb) - |

C(2,0)—(3,0) = (-3,0)
D(4,3) > (2,3) > (2,-12) > (2,-11)

Asymptotes EX:L D1
3 s
1
x=1->x=—
2

y=2->y=-"=8->y=-7



3
Solution

x—ox=b

y=f(ax+b)—— ey =f(x+b)—2L 5y = f(x)
Scale parallel to x axis by factor a.

Translate b units in the positive x-direction.

y=1(x)

_____________________________

x=—a+b| ix=a+b



4

Solution

(a) y= f(x) scaling//x-zllxis y= f(ax) translate b units in y= f(a(x —b))

by factor — the positive x direction
a

A:(2,-3) > [3,—3J N (3+b,—3J =(7,-3)
a a

2= )
a
B:(=3,1) —>(—3, 1)—)(—2+b, 1}: (-1, 1)
a a
2 tb = e, @)
a

Solving (1) and (2) simultaneously.

", a=E andbzE
8 5

(b) y=g(x)>y=g(x-3)—>y=-2g(x-3)
(3 -(2-(320)
274 2 T4 2 4

Comparing the x-coordinate of (% +3,-2 (%D and (4, l)
n

Mi3=4
2
m=2
. . m 1 1
Comparing the y-coordinate of 5 +3,-2 1 and | 4, —
n
_2(1] _1
4) n
n=-2
* m=2andn=-2

Alternative Method
Step 1:add 3 to the x - coordinate
Step 2 : multiply y-coordinate by — 2.

(el



Comparing the x-coordinate of [% + 3,—2[%)) and (4, lj
n

Mi3=4
2
m=2

Comparing the y-coordinate of (% + 3,—2(%}] and (4, lj

n
—2(lj—l
4) n
n=-2

* m=2andn=-2



5
Solution

(a) The graph y =f(x), where —4<x<2.

y
. A 2,4)
1
SN
-4 3 -1 O 2 >x

(b) y=fQ2x-1
Translates the graph in the positive x dir

ection by 1 unit.

Scale the graph parallel to the x-axis by a scale factor of %

»

(72,0)




Exercise 3

B Description of Transformations

6
Solution

(a)

Description of sequence of transformations

y=f(x)——>y=f(x+4)—2>y= f[%x+4j—3>y = f[%(—x)+4]—4>% = f(4—%xj—)y = 3f(4—%x]
1. Translate in negative x direction by 4 units
2. Scale parallel to the x-axis by a scale factor of 2
3. Reflect about the y-axis
4

Scale parallel to the y axis by a scale factor of 3

Alternative method

y:f(x)—1>y=f(x+4)—2>y=f(%x+4)—3>§=f[4—%xj—>y=3f[4—%xj

1. Translate in negative x direction by 4 units

2. Scale parallel to the x axis by a scale factor of —2

3. Scale parallel to the y axis by a scale factor of 3

Alternative method
1 1 1
y=f(x)——>y=f(-x)—>y= f(—(x—4))—3)y = f{(—zxj+4]—4>§ = f[4—5xj—>y = 3f{4—§xj
1. Reflect about the y - axis
Translate in positive x direction by 4 units

2
3. Scale parallel to the x axis by a scale factor of 2
4

Scale parallel to the y axis by a scale factor of 3

(b)

Description of sequence of transformations
1. Reflection about the y-axis. (accept : Scaling parallel to the x-axis by factor —1)
2. Translate 1 unit in the positive x-direction.

3. Scale parallel to the y-axis by factor 2.

Alternative method
1. Translate 1 unit in the negative x-direction
2. Reflection about the y-axis.

3. Scale parallel to the y-axis by factor 2.



(©

Description of sequence of transformations
The curve C is translated 4 units in the negative x - direction, followed by 1 stretch parallel to the x - axis with a factor >

y -axis invariant.

The point P(a, b) is transformed onto [ a ; 4 , bj.

Alternative method
The curve C is stretch parallel to the x - axis with a factor of > y -axis invariant, followed by a translation of 2 units in

the negative x - direction.

. . -4
The point P(a, b) is transformed onto [ a 5 bj.
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Solution

()

Description of sequence of transformations
y=lhx—5y=In(x+3)——>y=-In(x+3)——y-In2=-In(x+3)—> y=I2-In(x+3), i.e.y = ln(

1. Translate in negative x direction by 3 units
2. Reflect about the x - axis

3. Translate in positive y direction by In 2 units

Alternative method

Description of sequence of transformations

1. Reflect y = f(x) in the x-axis.

2. Translate the resulting curve 3 units in the negative x-direction.

3. Translate the resulting curve In2 units in the positive y - direction.

(b) Given y= e —b
)

-b

Let f(x) = ¢*, then f(x/;x) = e(ﬁx) .
ie. yzf(x)—)y:f(«/;x)—nz:f(x/;x)—i-b
Hence the sequence of transformations are:

1. Scale by a factor of parallel to the x-axis,

2. Translate the resulting curve by b units in the negative y-direction.

2
x+3

}
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Solution
v =2sin(2x + a) cos(x)

d replace x by x+a
y=2sin(2(x+a)+a)cos(x)
y =2sin(2x +3a)cos(x +a)

d replace x by 2x
y=2sin(2(2x) +3a)cos(2x + @)
y =2sin(4x +3a)cos(2x + @)

d replace yby —y
—y =2sin(4x+3a)cos(2x + @)

y =-2sin(4x+3a)cos(2x + @)

Description of sequence of transformations

1. Translation of the graph by & units in the negative x - direction, followed by
2. Scaling parallel to x - axis by a scale factor of %, followed by

3. Reflection in the x - axis.
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Solution

()

(b)

Gy-3  (4-20 _

a’ b?
Po-D | (2'6-2
a’ b? B

=D (=2 _

ay by
GG
Cisacircle with centre at (2,1).

Since x - axis is a tangent to circle, radius =1

Hencea =3,b=2.

Learning point:

Recall: Equation of circle in standard form
y—hY+(x-k)}=r

@, b
r r

=1, where centre of the circle = (%, k) and radius =r.

Gr-3' (-29" _

Given >
a b

_ 2 _ 2
By g ) @ §X) -
a b

o1
Replace y with 3 y:

2
I )
Replace x with (X_Ej: =3 + =1

a’ b’

_ 2 _ 2
R
a b

Description of sequence of transformations

1. Stretch C parallel to y-axis by factor 3, with x - axis invariant, then

| .. oy
2. Translate resultant curve by 3 units in the positive x direction.

A
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Solution

x=t2+1,y=1n(%+1)
! Replace x with — x
—x=tz+l,y=1n(i/;+l)
x:—tz—l,yzln(i/;+l)
{ Replace x with x—1
x—1=—t2—1,y=1n(%+1)
x=—t2,y=ln(3/;+1)
4 Replace y with 2y
x=—t2,2y=1n(3/;+1)
IR P
X =—t ,y—21n(\/;+l)

x=—t2,y=ln\R/;+1

Description of sequence of transformations
1. Reflect about the y - axis.
2. Translate 1 unit in the positive x - direction.

3. Scale paralle to the y - axis by factor %

Alternative method
x=1t +1,y:ln(i/;+l)
{ Replace x with x +1
x=1,y :1n(i/;+1)
{ Replace x with —x
x=—t7,y :ln(i/;+l)
{ Replace y with 2y

x=—t2,y=%1n i +1

Description of sequence of transformations
1. Translate I unit in the negative x - direction.
2. Reflect the graph about the y - axis.

3. Scale parallel to the y - axis by factor %
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Solution

4x+9
x+2
By performing long division,

@ y=

y=4+

! ,wherea=4,b=1.
x+2

Equations of asymptotes are y =4 and x = 2.

(b) Giveny :4+L
x+2

Replace y withy+4: y=
x+2

. 1
Replace x withx—-2: y=—
X

Description of sequence of transformations
Translate the graph 4 units in the negative y - direction,

followed by a translation of 2 units in the positive x - direction.
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Solution
(@)

Given y=Inx
After 4: y=In2x
After B: y=In[2(x—2)]
After C: y=—In[2(x—2)]=g(x)

<. the new equation is y = —In[2(x—2)].

(b) The graph of y = —In[2(x-2)]

y
o y=—m[2x-2)]

25,0
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Solution

y=2x"+4x-1
=2(x+1)*-3

4 C': Replace x by x—1
y=2x"-3

{B': Replace y by y+3
y=2x>-6

L A": Replace yby 2y
y=x"-3

.. the equation of the original curve is y = x* - 3.

Alternative method
y=2x"+4x-1
»LC':Replacexbyx—l
y=2(x-1+4(x-1)-1
=2(x—1) +4x-5
J B':Replace y by y+3
y=2(x—-1)"+4x-8
J A':Replace y by 2y
y=(x-1)>+2x—-4
=x"-2x+1+2x-4
=x"-3

.. the equation of the original curve is y = x* —3.

Alternative method
2f(x+1)+3=2x" +4x—1
2f(x+1)=2x"+4x—4
f(x+1)=x"+2x-2
=(x+1)*-3
f(x)=x*-3
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Solution
Given y = ax+b.
cx—2
Substitute (1, 5) and (-8, 0.5) into y = ax+h .
cx—2
At (1,5): a+b-5¢=-10 ........... )
At (-8,0.5): 8a—b—4c=1........... 2)
After transformation, the translated curveis y = M. < replace x by x —1
x(x-1)-2
Substitute (0,0.2) into y = XX =D *+b.
x(x-1)-2

Solving equations (1), (2) and (3) using GC,
~ a=2,b=3,and c=3.

Alternative Method

Substitute (1, 5) and (-8, 0.5) into y = ax+b .
cx—2

At (1,5): a+b—-5¢=-10 ........... )

At (-8,0.5): 8a—b—4c=1.ccovirinenenn. 2

Since (0,—0.2) lies on the translated curve, then (—1,-0.2) should lie on the original curve.

Substitute (—1,—0.2) into y = X2

cx—2

Solving equations (1), (2) and (3) using GC,
~a=2,b=3,andc=3.
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Solution
(a) Given y= ax+b
cx+1
a O °
y=—+—=F
c cx+1

. 1. . a . .
Equations of asymptotes: x =—— is the vertical asymptote and y =— is the horizontal asymptote.
c c

b
Axial intercept: When y =0, x=—— and whenx =0, y =b.
a

1I=r,.l.'rla"31
E\ {'U, fJ] cxl

ax+b
cx+1

(b) Giveny =

. +b
Replace y with 2y: 2y = @ 0 < scaling parallel to y-axis by factor 3
cx+

_Ifax+b
7 2\ ex+1
1 -2)+
Replace x withx-2:y =y =— Ux=2)+b < translation of 2 units in the positive x-direction
2| e(x-2)+1

. 1
The equation of the new curve y = 3

a(x—2)+b
c(x=2)+1|



(¢) Since the new curve y = f(x)passes through the points with coordinates (3,%} and (6,1)

Substitute | 3, E and (6,1) into y :l M )
2 2| e(x—2)+1

AL(6.1) izl a(3-2)+b
2 2| c(3-2)+1
_a+b
c+1
a+b=3c+3

A+D=3C=3 oo )

At[iij o a6-2)+b
2 2] ¢(6-2)+1
o da+b

Cde+l
4a+b=8c+?2

3

Solving equations (1), (2) and (3) using GC.

~a=3,b=6andc=2



Exercise 3
C Sketching Modulus Graphs

16
Solution

(@ y=1[g2x)|

B(2,0)

« Divide each y-coordinate by 2.

+ Reflect the part of the graph g(2x) which lies below
the x-axis in the x-axis.

®) y=|gx-1|

y=|g(x-1)|

+ Add each x-coordinate by 1.

+ Reflect the part of the graph g(x —1) which lies below
the x-axis in the x-axis.



© y= %|g(x)|

y=flg(x)|

O| B(4,0) D(10,0)

. . 1
« Multiply each y-coordinate by T

« Reflect the part of the graph g(x) which lies below

the x-axis in the x-axis.
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Solution

2x

@@ y=

a—x

Equations of asymptotes

x = a is the vertical asymptote

y =0 is the horizontal asymptote.

Axial intercept: Whenx =0, y=0.

Y
A
X=a

2x

y:—

a-x

> ¥
............ Q.......-..-.-.-.-............-.- y=—a

2x

@G y=

 Reflect the part of the graph g(x) which lies
below the x-axis in the x-axis.

(including the horizontal asymptote y = —a)

-




(b) Add the graph y = (x —a)’.

y
A x=a R
| y=(x-ay
i 2x
1l }J_
1 a-x
f > X
”"*"””"Q ffffffff 1; ffffffffffffffffffffffff y=-2

X . .
and y = (x — a)’ intersect at only one point
a-x

From the above diagram, the curve y =

. 2
Thus the equation (x —a)? = —

has only one real root.



©

Consider 2 =2
a-x

a

x=—

2

Find the point of intersection when y =1 cuts the curve y =

Consider 2x =1 or 2x =-1
a-x a-x

a
xX=— or X=-a

3

2x

From the graph, for 1 < <2.
a-x

. a
The range of values of x is x <—a or —<x <

SRS

a—x

2x

a—x




Exercise 3
C Sketching Graph of y =f(| x |) from the graph of y =f(x)

18
Solution

@) y=£f(x))

Learning point:

« Keep the portion of the graph y = f(x) on and to the right of the y-axis (i.e. for x > 0) and reflect it about the y-axis
to obtain the the graph y = f(| x|).

) y=f(=[x)+2

Yy
A
y=f(-|x[)+2
_____________________________________ R
A([}. QEJ
(—1,2)0 (1.2) .

Learning point:

« Reflects the graph f(x) in the y-axis to obtain y = f(—x)

« Keep the portion of the graph y = f(—x) on and to the right of the y-axis (i.e. for x > 0) and reflect it about the y-axis
to obtain the the graph y = f(—| x ).

« Translates the graph y = f(—| x |) by 2 units in the positive y-direction to obtain y = f(—| x|) + 2.



(© y=1(3x-1])

lad | —

y= f(|3x—1|)

R e eanett L L e L L

0

+ Keep the portion of the graph y = f(x) on and to the right of the y-axis (i.e. for x > 0) and reflect it about the y-axis
to obtain the the graph y =f(] x ).
« Translates the graph y = f(| x |) by 1 unit in the positive x-direction to obtain y = f(| x | —1).

. . 1
« Scaling the graph parallel to the x-axis by a factor 3

@ y=-f(x)

'
'
'
'
1
1
1
L
[
1
1
]
1
]
'
'
'
]
.
]
1
1
]
1
]
1
]
i
'
'
'
'
1
1
i
]

» Keep the portion of the graph y = f(x) on and to the right of the y-axis (i.e. for x > 0) and reflect it about the y-axis
to obtain the the graph y = f(| x|).
« Reflect the resulted graph in the x-axis.
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Solution

@@ y=|f(x)|

| .
¥

1
(b) y=1(x|+7)

-
}

1
p=f(|x|+—
y=tlxl+)

|
[§8]
e 1

|

=

——

—
| =

—_

Learning point:

A curve undergoes the following transformations:

y=f(x)—>y=f[x+%j—>y=f£|x|+%)

e



© y=f2|x])

____________________

Learning point:

A curve undergoes the following transformations:

y=f(x)—>y=f(2x)—>y=1(2]x])

@ y="f(x[-3)
Y
N PR RS R)
-4.2 \z/ 4-2
______ ( _____z!_]____:,____,____:r___(___?_}_______ y=2
S| s T
—?\g o /? i
Learning point:

A curve undergoes the following transformations:

y=f(x)—>y=f(x—3)—>y=f(|x|—3)
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Solution
(@ y=2f(-x)
y
y=-2x-2 A
\J | y=2f(-x)
~Céa | )i
= (U’El) » X
L0V
(~a:20)
x=—h x - h

« Scale parallel to y-axis by factor 2, i.e mutliply all the y-coordinates by 2.
» Reflect in the y-axis.

® »=£(|x)

« Keep the portion of the graph y = f(x) on and to the right of the y-axis (i.e. for x > 0) and reflect it about the y-axis
to obtain the the graph y = f(] x ).
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Solution
2x—x°
a y=———
@ ¥ x*-2x-3
=—-]1-———— < perform long division

C(x=3)(x+1)

", equations of the asymptotes of the curve: y =—1,x =3, x = -1

(b) Whenx=0,y=0
When y=0,x(2-x)=0
x=0and x =2

.. the coordinates are (0, 0) and (2, 0).

Let d—y:O

dx
2x-2=0
x=1

1
Whenx=1,y=—
T

. L 1
.. the stationary point is l,—z .

2x —x*
The graph of y = ———
grap Y x2=2x-3
Yy
. A
y 2x—x> i :
x2-2x-3 i ;
y=-1 0 7 | >
"""""""""""" : [1]
| l,— !
| O

w
Il
|
=
Il
%)



2x—x*
x2=2x-3

The graph of y =

e g e R

2x—x’ - - .
« Reflect the part of the graph of y = % which lies below the x-axis in the x-axis.
x°—2x—

2|x|—x2
The graph of y= m
x=-3

» Keep the portion of the graph y = f(x) on and to the right of the y-axis (i.e. for x > 0) and reflect it about the y-axis
to obtain the the graph y = f(| x|).
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Solution
2(x -1y
(@ f(x)=
X—
=2x+2+ i
x-3

Equations of asymptotes
x =3 is the vertical asymptote

y =2x+2 is an oblique asymptote.

o 2
Axial intercept : Whenx =0, y= 3

Wheny =0, x=1

Determining the turning point

Using GC, (1, 0) maximum point and (5, 16) minimum point.

y
A ' y=1(x)
’/,-"'y=2x+2
1,0 -
, (5) !
§x=3

(b) The graph of y = f(|x|)




2x]-1r T
Given x2+[ (|x| ) —k} =a®

|x[-3
1\
Replace y :2(||x||—;)'
x|=

X+ (y—k)Y =d’
Add the the circle x* + (v —k)* = a” to the graph of y = f(| x|).
Note: Centre of the circle = (0, k) and the radius a.

For the equation x* + {

'.a=k+g
3
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Solution

(a) The graph of y =f(x), where —2<x<4.

(b) First sketch the graph of y =f(x), for 0 <x <4.

y-axis in the y-axis to obtain y = f(|x|)

The graph of y = f(|x|), where —2<x<4.

y="1(x), for0<x<4

(1, 1)

}}
/ y=1(x)
(2.1 al (11) 4.1)

o 1 @.o 7
y
A

Then reflect the resulted graph to the left of the
0
Yy
b y=t(R)
[_2‘€J (L 1) (L,1) 4,1)
0 (3,0) -

(3,0)
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Solution
The graph of y =f(x).

Yy

A

(Cy d) y = f(x)
(0,5)
ko/ """"""""""""""""" Vo
AR

25
Solution

The graph of y = f(x).

1)5




Exercise 3

E Sketch the graphof y = 1
f(x)

from the graph y =f(x)

26

Solution

1
The graph of y =——.
grap y £

Remark (After transformation)
Coordinates

Maximum point (2,—3) becomes minimum point (2,—%).

Asymptotes

x =0and x = 4 becomes x-intercept at 0 and 4 respectively.

1
y =3 becomes y :g.
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Solution

1
The graph of y =——.
grap y h(x)

Remark (After transformation)
Coordinates

Minimum point (—1.5, 1) becomes maximum point (—1.5, 1).
. . .. . 1
Maximum point (2, 4) becomes minimum point (2, Zj

Asymptote
The oblique asymptote y = x + 3 becomes y = 0.



28
Solution

(a) The graph of y =f(x)

y=1(x)

(-2.3)

Remark

Translates the graph y = f(x + 1) by 1 unit in the negative x-direction, i.e. minus 1 to all x-coordinates.

(b) Sketch the graph of y = ! from the graph y =f (x) 1 {
f(x) )
follow by reflecting the resulted graph in the x-axis. ( .
2,——
3
-3
o
5 1
53

1
The graph of y = _T)
X




(¢) Sketch the graph of y = % forx>0. (See right) y
X

>

Reflect the resulting graph to the left of the x-axis in the x-axis

to obtain the graph of y = ; (See below)
f(x)) > X

1
y=—— for x20
(x)

oS

1
The graph of y =
f(lxD

d) The graphof y=——
(d) graph of y FarD)

Remark

Translates the graph y = by 1 unit in the negative x-direction, i.e. minus 1 to all x-coordinates.

1
f(x+1)
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Solution

(a) The graph of y = f(x).

Remark (After transformation)

Coordinates

x-intercepts at —1 and 4 become vertical asymptotes x = —1 and x = 4 respectively.

Asymptotes

x =-2and x =2 become x-intercepts at —2 and 2 respectively.

y =4 becomes y = %

(b) First sketch the graph of y = % forx>0. (See right)
X

1

Then graph y = w and this follows by graphing
X
. L . 1
2 y =———, i.e. multiplying all the y-coordinates by —.
£(|x]) 2
(See below)
1

The graph of 2y =

£(|)

,,,,,,,,,,,,,,,,,,,,,,

'
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1

(a) The graph of y= m

(b) The graph of y =f(x)

=f(x
y="f(x) ymx+ 2
Remark

The graphof y =f (|x|) is the same as y = f(x) for non-negative x values, so the oblique asymptote

of fis y = —x + 2. Hence the y-values of f are positive for x < 0.

(¢) The graph of y =f(2x+1)

(-0.5,0) 9]

y=f(2x+1) \
v =2x+1"
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(a) Translates the graph of y =f (|x|) in the positive x-direction by 3 units

to obtain y = f(|x - 3|) as shown on the right.

This follows by reflecting the graph y =f (|x - 3|) in the x-axis to
obtain the graph y =—f (|x - 3|) as shown below.

The graph y = —f(|x—3|).
Y

A

y=—f(jx-3)

0.3)] (3,-6)

(b) The graph of y =f(x)

-
-

, =N (0,0)

> X

(0,3)

__—

y=£(jx-3)

(3,6)

0
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(a) Given that y = L has x = 2 as a vertical asymptote, then y = g(x) has an x - intercept at x = 2.

glx
So g(2)=0
(2)'=32)+p=0
8—-6+p=0

T p=-2

. 1 . . 1 . .
(b) Given that y = ﬁ has a minimum point at y = 3 then y = g(x) has a maximum point at y = 5.
g(x

g'(x)=3x*-3
=3(x+D(x-1)
When g'(x) =0, x =%1.

So turning points of y = g(x)areat x =+1.

By second derivative test,

g"(x)=6x
When x =1, g"(1) = 6(1) > 0 which is a minimum point.
So the minimum turning point of g(x) is at (-1, 5).

Substitute (—1, 5)into g(x) = x* —3x + p.

(=1 =3(-)+p=5
-14+3+p=5

Lp=3
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Under the sequence of transformation, the turning point of y = x* is mapped onto the turning point of y = f(x).

i.e. the turning point (0, 0) becomes (a, b).

Also, (0, 0)

where

(1, 0) (1, 0)

(1, m),

A B C

A :translation of / units in the positive x - direction
B :stretching by factor k, parallel to the y - axis, x - axis invariant

C : translation of m units in the positive y - direction

By comparing (a, b) and (I, m).
Hencel/=a,m=b.

Substitute x =0and y = ¢ into y = k(x —1)* +m.

c=k(0-a)*+b
k:c_‘lb, sincec > b, k > 0.
a
" l=a, m=bandk =2
a

The graph of y = f(x)

¥y
y=k(x=0)*+m

a, b)

y=~£(x)

The graph of y = %
x

. . 1
Coordinates of y - intercept (0, —J
c

Coordinates of turning point (a, %)
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y=a(x-1)+
x+c

{ A (replace y with — y)

-y=a(x-1)+
x+c

y=-a(x-1)-
x+c

I B (replace x with x +1)
b
x+1+c

y=—a(x+1-1)—

y=—ax-—
x+1l+c

.. the resulting curve is y = —ax — .
x+l+c

Given that y-axis is one of its asymptotes of y = f(x) has the y-axis,

i.e x = 0is a vertical asymptote.

I+c=0.
c=-1
b
Therefore, f(x) =—ax——. .ovvrvveririeenen. 1)
X

Differentitating f(x) with respect to x,

£i(x)=—a +ﬁz. ......................... @)
X

. 1). . . 1 . . .
Given that [1, gj is a turning point on y = ﬁ’ so, (1, 6) is a turning point on y = f(x).
x
Substitute (1, 6) into (1).

b
6:—01(1)—6

When x =1,'(0) =0.
Substitute x =1 and f'(0) = 0 into (2).

0=-a(l) _b
@
—a+b=0 ........... 4)
Solving (3) and (4) using GC.
wa=-3,b=-3.

Hence,a=-3,b=-3andc=-1.



Exercise 3
F Mixed Exercise
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Solution

(a)(i) The graph of y =2+ f(—ax)

\
y=2+f(-ax)

C"0,5)
I ————

Remark

The graph of y =f(x +1) is obtained from the graph of y = f(ax) by a translation of 2 units in the positive y-direction
i.e add all the y-coordinates by 2.

(ii) The graph of y =—f(x)

C'0,73) :
\g A'(6a%,4)

The graph of y =f(x +1)is obtained from the graph of y = f(ax) by reflecting in the x-axis.

Remark

(b) y=f(ax—a)
= f(a(x—a))

The graph of y = f(ax —a”) can be obtained from the graph of y = f(ax) by a translation of @ units in the
positive x-direction.
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(a) Translation of 1unit in the positive y-direction.
Scaling parallel to the x - axis by a factor of 2.

() tanO@ =" ] (1)

2
y—1
SECH =i 2)

Using Trigogometric Identities, tan’@d +1=sec’@ ...................

Substituting (1) and (2) into (3).
2 (22
(zj o _[ 2 j

_1\2
.. the cartesian equation is M—x— =1. (Shown)
V2o 4

12 2
(¢) The cartesian equation is o-D —x—2=l.
2y 2
2 2
2y 2
yol_,x
V22
y= 1+ @
2
V2x

.. the equations of asymptotes are y =1+ -

Alternative method

NG

Gradient of asymptotes = J_rT

Equation of asymptotes: y = i% +c

Since the asymptotes pass through (0,1), .. ¢ =1

. 2
.. the equations of asymptotes are y =1+ %
(@)
y 2 2
A oD
2 4
1+42 ‘—/«/5
Ty =l -5 X
1] 2
- 0 » X

1-42
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1
a) The graph of y =——
(a) graph of y o)

(b) The graph of y =f'(x)

y="1'(x)

\ (a+b, 0)

(¢) The graphof g

»
»

y=g(x)

Y yv=a+b

(d) Refer to the graph in (c): Range of g =[0,a)uU{a+b}
Domain of g =R\ {a} (given)

Since Rg c D, Thus fg exists.

(e) To find range of fg:
D, =D,—5R, =[0,a)U{a+b}—>(-w,—a’ |u{a’} =R

. ng = (—oo,—az] ) {az}

fg
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(@ x*+y’ =1

J Replace x by %

d Replace x by x—1

(-0
2 =1
YR

Scaling parallel to x - axis by a factor of 2, followed by

a translation of 1 unit in the positive x-direction.

(b)@ The graph of y =f(x)

»

'

y=1f(x)

> X
y
A
1 y=1(p)
N .
-1 (0] 1 3
(b)(iii) The graph of y =1-2f(x)
y
A
y=1-2f(x)
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(a) The graphof y=f(x)for-1<x<9

Y
A

y=1f(x)

(-1.3) (9.-1)

Learning point:
f(9)=f(5+4)=f(S)=f(1+4)=f1)=1-3-1=-1
f(-)=f(-1+4)=f3)=(3-2)"-4=-3
Coordinates of end-points (—1,-3) and (9,-1)

From the graph above, the range of f(x)is[—4,1].

(b) A :Reflection in the y-axis
1
=g(-—x)=—— —2<-—x<Z2 < replace x by —x
I Ty place x by
1

= <x<2
1+ (x+1)°

B :Scaling parallel to the x-axis by a factor of 2

x 1 X x
y=g Y = -2<-XZ2 <1replacexby5

2
2
1+(x+1)
2
4

- T _4<x<4
4+(x+2)°

C :Scaling parallel to the y-axis by a factor of 3

y X 12 y
=gl ——|=—— —4<x<4 < replace y by —
3 g[ 2] 4+ (x+2) place By 3

y=3g X =L2 -4<x<4
2) 4+(x+2)

h(x) = Lz and Domain of h =[—4, 4]
44+(x+2)



(¢) Refer to the diagram in (a). Range of (x)=[-4,1]
Domain of h(x)is[—4, 4] (given)

Since R; < D, , hf (x) exists.

First sketch the graph of y =h(x), for —4<x<4.

¥y
A
y=h(x)
(=2.3)
12
—4—15/ {I‘E]
-4, 7 ; (4,0.3)
-4 ) 1 P

Takethe R, = [—4, 1] as the restricted domain of h and read the corresponding range to obtain R ..

To find range of hf :

12
D, =D,—5R, =[-4, 1]—*‘{6, 3} =R,

.. Range of hf(x) = [%, 3}
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(a) The graph of y =g(x)forx e R, x # ta

y

y=g(x)

____________________________________________

Learning point:
« Keep the portion of the graph y = f(x) on and to the right of the y-axis (i.e. for x > 0) and reflect it about the y-axis
to obtain the the graph y = g(x).

(b) The line y = 0 cuts the graph of y = g(x) at two points.
Thus g is not a one to one function and hence inverse of g does not exist.

OR

Since g(—d) = g(d) = 0, g is not a one to one function and hence inverse of g does not exist.

(¢) Let y=h(x), wherex <0, x = —1
_ 2t
s

Since when x < 0, consider |x| =—x,

_ 2x-1
—x-1
_2x+1
x+1
yZZ—L
x+1
I
x+1
x=-1+ !
-y

Thush™'(x) = -1 +;
2-x

h(x)=2x_1
X—

:2+L forxeR,x<0,x=-1.
x—1

Using GC, R, = (-0, 1) U (2, ).
Since lel =R,

D, =(~0,)U(2,®)



(d) h’(x)=hh(x)
R, =(—00,1)U(2, )
D, = (—0,—-1)U(-1,0)

Since R, & D,, h* does not exist.



Exercise 3

G Higher Order Questions
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(a) The graph of y =f(ax)-2

=
|
|
[
-

y=1f(ax)-2

-
I
—
[
s /7
;
=
)
.
;
;
J’ l
,
=]
.
L
o
[§%]
Ln
L

,
.
E:I‘

i
|
2 |y
A
—
;
\..___’_/
7
/
E
¢

S LELLLLLE
|
|

Learning point:
A curve undergoes the following transformations:

« Scale parallel to x-axis by a scale factor of l, i.e. divide all the x-coordinates by a.
a

« Translate 2 units in the negative y-direction, i.e. add all the y-coordinates by 2.

b) The graphof y=——
(b) graph ot y = 2

Least value of k = a
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(a) The graph of y = L

f(x)
y
A
1 X =a
a9
e ;
/\0 | y=0

(b) The graph of y=1(2 —|x|)

_ y _
\xj 1 T ymte-p)
¥ 0 > X

(P=29) {5 10|10 C-p9)

a8

x=0

Learning point:

A curve undergoes the following transformations:

y=f(x)—>y:f(x+2)—>y=f(—x+2)—>y=f(—|x|+2)
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(a) By long division,

2 p—
f(x)zx +3x+4-a
xX+a

a’—4a+4
X+a
The asymptotes are x =—a and y = x+(3—a)

=x+B-a)+

For y-intercept, let x = 0.
(0’ +3(0)+4-a
0)+a

Then y:4_a. [0, 4—aj-
a a

For x-intercept, let y = 0.

XX +3x+4—a B

i.e. 0

xX+a
Then x> +3x+4-a=0 ccocevvevieeennn. (1)

Find the discriminant of (1):
3 —4(4—a)=9-16+4a
=4a—7<0,where0<a<%.

.. There is no solution to the equation thus the graph has no x-intercept.

2 —_—
The graph of f(x) = X tdxtdza

xX+a




(b) Thegraphof y= |f(x)|

a’—4a+4
X+a
(a-2)°
X+a
(a-2)°
(x+a)

© f(x)=x+G-a)+

=x+B-a)+

f'(x)=1

At stationary points, f'(x) =0
(a2 _
(x+a)
(x+a)Y =(a-2)
x+a=a-2 or x+a=—(a-2)

x=-2 or x=2-2a

Y

When x = -2, f(—2):_2+(3_a)+(a 2)

a-2

=1

2
When x =2~ 2a, £(2—2a) = (2-2a)+ G-a)+— =2
(2-2a)+a

=T7-4a



Ony= | f(x)|, the stationary ponts are (—2, 1) and (2—-2a, 7—4a).

-t

5 =x+(3-a)

\(2-2a.7-4a)

» X

T y=-x+(a-3)

L . 3
Given in the question that 0 <a < >

S T—4a>1, whereO<a<%

Hence the line y = m cuts the graph of y = | f (x)| at two distinct points when 1 <m <7 —4a.

Method 2
Consider the equation f(x) = m, where m is a constant.
X +3x+4-a
L TATRTY
x+a
X +3x+4—a=mx+am

X +@-mx+@—-a—am)=0

Using discriminant

GB-m)Y —4(4d—-a-m)

=m’—6m+9—-16+4a+4am

=m’ +(4a-6)m+(4a—-"7)

For no real root, Discriminant <

ie. (m—(-1)[m-(7-4a)]<0
-l<m<7-4a

Referring to the graph of y =f(x) and y = | f(x) |

sinceO<a<%, s T—4a>1.

We can deduce that 1 <m <7 —4a for |f (x)| =m to have exactly two distinct roots.
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(a) The graph of y =f(x) for0<x <37.

y
y=1£(x)
(0, 1) {gv U) er)) (s_n "J
[9] 3, o
(7.-1) (2 } (37z,-1)

When -1 < k <1 such that f(x) =£.
From the graph, we see that there are 3 points of intersection.

Number of solutions =3

(b)(i) The graphof y = |f(x)| for0<x<37.

>
o

v =[f(x)|

(0, 1) (1) (27.1) (37.1)

y
A
1
L)
0, 1) (27.1)
o) 1) » X
(37z,-1)
T T _ T
=7 =7 T



(b)(iii) The graph of y = —f(2x +%j for0 < x < 7.
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x+2)°
(a) y= Q
x+1
J (Replace x with x —2) (Translation of 2 units in the positive x - direction)
C[-2+2]

(x-2)+1

. 1
J (Replace x with px) (Scaling of scale factor — along the x - axis)

J (Replace y with y —g) (Translation of ¢ units in the positive y - direction)

After the transformations, the minimum turning point becomes

Translation of 2 units in the positive x-directi
(0’ 4) (Translation of 2 units in the positive x-direction) (2, 4

(Scaling of scale factor 1 along the x-axis) [
P

2 . o o 2
Translat f ts in the positive y-direct
, 4 ( ranslation ol g units in the positive y 1reCl lOl’l) — R 4 + q .
p 1

It is given that the point (0, 4) on C, after the transformations correponds to (a, b) on C,.

By comparing (2, 4+ qj and (a, b).
p

. 2 . 2
x-coordinate: —=a y-coordinate: —=a
P P
p= 2 4+g=>b
a
g=b-4

. p:E and g=b—-4



1
b) The graph of y=——
(b) graph of y )

»

Learning point:

After the transformation :

. . . . 1
» Maximum point (0, g) becomes minimum point (0, b74)

. . . . 1
» Minimum point (0, ¢) becomes maximum point (a, Z]
. . 1 1 .
 The x-intercepts o and  become vertical asymptotes x = — and x = — respectively.
a

. 1 .
« The vertical asymptote x = — becomes x-intercept.
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. By-3) (4-2x)
(a) Given - + B =1
2 2 2
3 (yz—l) LED-27
a b’

W=, =2

5 (5

From the above equation, the centre of the circle C is at (2, 1).

Given that x-axis is a tangent to circle, therefore the radius =1.

aY b Y
Hence | — | =1 and — | =
3 -2

241 and i=i1

3 -2
Since, a,b >0

a=3, b=2

(b) Given

2 2
Gr-3', @-20°
a b

1
J (Replace y with ; y)

2 2
Gr-3' @-20°
a b

1
J (Replace x with (x - Ej)

e
=3 2

a b?
a2 Y
) S G2
a b

=1

Description of sequence of transformations

Stretch C parallel to y-axis by factor 3, with x-axis invariant, then

. . . L
translate resultant curve by 5 units in the positive x direction.

>

0
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. k )
(@) Givenx=—, y=t"+t,teR, k>0
t
Asx —>tw, t >0, y—>0.

. ¥y =0 is a horizontal asymptote.

Asx >0, t > Foo, y > 0.

. x =0 is a vertical asymptote.

(b) Given x =

N|NA

Differentiating (1) with respect to ¢
& _k
d
Differentiating (2) with respect to ¢
Y =2t+1
dr
Using Chain Rule,

b & d
de dr dx

2

t
=2t+1)x—
(2t+1) .
—lt2(2t+1)
k

.Y :ltZ(Zt +1)
dx &k

Given that C has exactly one minimum point, let % =0.

1
—£*(2t+1)=0
L@

2t+1=0 or t=0 (Rejected since ¢ # 0)

1
t=——
2



Substitute ¢ = —% into (1) and (2)

From (1): x:L1
2
=-2¢t and
2
1 1
From (2): = -—=| +| ——=
@y [ 2) (2]
L
4

. .. . 1. 1
Coordinates of minimum point at ¢ = Y is [—Zk, —Z] (Shown)

(¢) Determine the x intercept by letting y = 0.

t(t+1)=0

t=-1(.t#0)
Substitute £ = —1 into (1).
Sox=—k

-
'

\/_k O >x
1
{‘2"-?}
(d) Deduce from graph in part (c).
The graph of y = L
grap y )
y
= —k _ 1
X 3 A Y= im
1 %) > X
(-2k4) |
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b

xX+c

y=a(x-1)+

4 A (replace y with — )

—-y=a(x-1)+ b
x+c
y=-a(x-1)-
xX+c
J B (replace x with x +1)
y=—a(x+1-1)— b
x+1+c
b
y=—ax—
x+1l+c
.. the resulting curve is f(x) = —ax— b ¢ e (1)
x+1+c

To obtain the vertical asymptote, let the denominator of f(x) =—ax — be zero.

x+1l+c
ie. x+1+¢=0

x=—(1+c¢)
Given that y-axis as one of its asymptotes, i.e. x =0 is a vertical asymptote.
Comparing —(1+c¢) with 0
So —(14+¢)=0

c=-1

Substitute ¢ =—1 into (1).

f(x)=—ax—£
x

Differentiate (1) with respect to x.

Given that (1, %j is a turning point on y = %, then coordinates (1, 6) is the turning point on y = f(x).
x

Substitute (1, 6) into (2).

When x =1, £'(0) =0.
Substitute x =1 and f'(0) =0 into (2).
—a+b=0. e 4)
Solving (3) and (4) using GC: a=-3 and b=-3.

~a=-3,b=-3and c=-1.
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ax” —bx
(@ y= T s (1)
ac —bx
y=a 3
x —c

Since y = 2 is a horizontal asymptote, a = 2.

Since x = -2 is a vertical asymptote, ¢ = 4.

Substitute @ =2 and ¢ =4 into (1).

_2x7—bx
X’ -4
. . 9 oL .. 2x> —bx
Given that the curve passing through | 3, 3/ substituting this point into y =—; 1
X2 —
9 _ 2(3)° -b(3)
5 (3’ -4
b=3

~a=2,b=3andc=4.

2x* =3x
b =
b) y=—7—,
y(x*—4)=2x"-3x
(P=2)x>+3x=4y =0 cocoverrrreenn (D

For the values of y that C, cannot take, it implies that there is no real roots in (1).

i.e.  Discriminant of (1) <0

(3) —4(y—2)(-4y)<0
16y* =32y +9<0

Method 1 (Using quadratic formula)
Let 16y° —-32y+9=0

E2E J(32) —4(16)(9)

2(16)
L7
4
E
4
Since 16y* =32y +9<0

(- )y Vo
1—ﬁ<y<l+ﬁ 1—?\/1+§
4 4

J7 ﬁ}

.. the set of values of y is {yeR:l—T<y<l+T




Method 2 (Completing the square)
16> —32y+9<0

9
P-2y+—<0
AT

7
1)’ -—<0
-1 T

J7 V7
(y—1+7]{y—1—7]<0

V7 V7

Sole—<y<l+—
4 Y 4

g

.. the set of values of y is {yeR:l—g<y<l+T

2x* —3x
¥’ -4

.

(0.903)0.339) | (4.43,1.66)

(¢) The graph of y=

»
»>

x=-2 x=2

(d) Givene’ =x—r

y=In(x—-r)
T _2 3 i
Fore’ =x—rtocuty T4 at one point, the
x2 =

equation e¢” = x —r must lie after the vertical asymptote

x =2. (See diagram on the right)

r=2




2x% —3x . o
(e y= 2—4 < By performing long division
P
8-3x
x' -4
\2 Replace x by x +1
8=3(x+1)
(x+1)* -4
J Replace x by —x
N 8-3(—x+1)
(—x+1)* -4
N 8-3(1-x)
(1-x)* -4

y=2+

y=2

Description of sequence of transformations
Translation in negative x direction by 1 unit.
Reflection about the y - axis.
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Solution

(@) 4x*+) +8mx—4y+4=0

By completing the square for x terms and y terms,

A(x* +2mx)+y° —4y+4=0
Ax+m) —4m* +(y-2)" =0

A(x+m) +(y—2) =4m’

x+mY -2y
)5 -
m 2m

a=m,b=m,c=-2,d=2m

Method 1

2
x +(y—Lj =1
m

X
J Replace x with —

RO

\2 Replace x with x + m

2 2
X+m 1
m m
J Replace y with =
2m

x+m) 1y
2] (32
m 2m m
2 2
2] 52
m 2m

M

@

3

Description of sequence of transformations

(1) Scaling with scale factor m parallel to the x-axis, followed by

(2) Translation of m units in the negative x-direction, followed by

(3) Scaling with scale factor 2m parallel to the y-axis.



Method 2

1 2
x2+(y——j =1
m

¥ Replace x with x +1
12
(x+1)2+(y——j =1
m
J Replace x with X
m
2 2
EONERE
m m
y

¥ Replace y with —
2m

M

@

©)

Description of sequence of transformations

(1) Translation of 1 units in the negative x-direction, followed by

(2) Scaling with scale factor m parallel to the x-axis, followed by

(3) Scaling with scale factor 2m parallel to the y-axis.



Exercise 3
H Exam Style Questions
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Solution

(a) The graph of y = |f (x)|

(b) The graph of y =-2f(x)




1
¢) The graph of y=——
(© graph of y )
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Solution

(a) The graph of y=f(x+2)

y
; A

2.0\ |0 ~
x=:—1

(b) The graph of y =f(2x+2)

y="1f(2x+2)

ﬁ (1.2)
: » X

Lo\ o

(¢) The graph of y =f(-x)+3
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Solution

(a) The graph of y = | f(x-1) |

(b) The graph of y = f(—|x|)
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Solution

The graph of y =f(x)

0,3)

b
4

b (L,5)

y=1£(x)

(—2,())/

/
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(a) The graph of y =1f(x)

0 2 (4,0
(b) The graph of L
grap Y )
¥y
A x=4
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(2)()) The graph of y zﬁ

(ii) The graph of y =f(2—-x)

Learning point:
A curve undergoes the following transformations:
y:f(x)—>y:f(x+2)—>y:f(—x+2)
To obtain the new oblique asymptote, replace x by —x+2 iny =3x+1
ie. y=3(-x+2)+1

y=3x+5



1

(b) y= m < complete the square
B 1
S (x+2)° -1
B 1
TS o

J Replace x with x -2
B 1
4 (x—2+2) -1

= x -1
J Replace y with — y
1
T x -1
_ 1
y__x2—1
J Replace y with y -3
1
y_S__xz—l
1
y_3_x2—1
_ 3x* -4
Xt -1

Description of sequence of transformations
Translation of 2 units in positive x - direction, followed by
Reflection in the x - axis, followed by

Translation of 3 units in positive y - direction.
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(a) y= x|—x - a|
N (Replace x with — x)
=-X |x + a|
J (Replace y with y —2)
y-2= 2—x|x+a|
y=2- x|x + a|
Description of sequence of transformations

Reflection in the y - axis
Translation of 2 units in the direction of y - axis

(b) The graph of y = x|x—a|, a>0.

-
S

(0,0) (a,0)

(¢) The graph 0fy=¥ a>0.
x|x—

= k has exactly one solutionis 0 < k < iz ork <0.
a

(d) The range of values of k in which
x|x - a|
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, where a > 0.

(a)(i) The graph of y =

1
Védax—x*

Learning point:
1 .
Fory = ———— to exist, 4ax — x> >0
dax —x*

. vertical asymptotes of the curve occurs at 4ax —x* = 0.
So, 4dax—x*=0
x(4a—-x)=0
x=0 or x=4a

Vertical asymptotes are x =0 or x =4a.

(ii) Using completing the square

Given 4ax—x’

= —(x" — 4ax)
=—[(x-2ay" —4d’ |
=44’ —(x-2a)’

The denominator has a maximum value of \/4a” — (x —2a)® occurs at 2a, where a >0

when x =2a.

. .1
Thus the smallest possible value of y is B
a

Alternative Method :
The denominator 4ax — x* = x(4a — x) is quadratic and is symmetrical in the line x = 2a.

And so the largest value of \/x(4a —x) occurs at x = 2a.

.. the largest value is \/2a(4a —2a) = 2a, where a > 0.

, the smallest value y occurs when x = 2a.

1
Hence for y = ———
Jx(4a—x)

" the smallest value y is L
2a



1

Vadax —x?

By completing the square,
B 1
JH(x—2a) - 4a’]
_ 1
Jaa - (x-2a)"
d (Replace x with x + 2a)
1

. N4a® -x’

Description of sequence of transformations

(iii) Given y=

The transformation that maps the graph of C onto the graph

1
Vaa* - x*

X
(b) y= 1n(1—5j

{ (Replace x with 2x)

of y= is a translation of 2a units in the negative x - direction.

y=In(1-x)
\2 (Replace y with — y)
—y=In(1-x)
y=-In(1-x)

s

(Replace y with y —In2)

y—In2=
X

i)
_ (ﬁjﬂnZ
(i)

Description of sequence of transformations
Scale the graph of y =1n [1 - EJ parallel to the x - axis by factor , followed by

a reflection about the x - axis, followed by

a translation of In2 units in the positive y - direction.
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(a) y=x —4x+1.

1
J (x replaced by Z x) Transformation C
3
1 1
=|—x| -4 —x|+1
g [4] (4j
1
=ax3—x+l
J (x replaced by —x) Transformation B
1
y= () ()4
[
y=—6—4x +x+1
J (y replaced by y —1) Transformation 4
1
y—lz—ax3+x+l
1,
y=—6—4x +x+2

.. the equation of C, isy = —61—4x3 +x+2

(b)) The graph of y :%x)

(i) The graph of y =f(|x|)

(-6,a) i
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3
Y X2 +2

$ (replace x by x +1)
_ 3
’= (x+1)* +2
J (replace x by 3x)
_ 3
7= Bx+1)*+2
¥ (replace x by — x)
_ 3
S (SBx+1)2+2
_ 3
9% —6x+3

The equation of the resulting curveis y =

1

3x2=2x+1
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(a) The graph of y =f(x) for —4<x<2.

y
A
4 2.4
y="1(x)
! ]
(3~
-4 3 -1 0 2
1
(b) The graph of y =f(2x—1),for—2<x SE
y
A
y=f(2x-1)
1 (l
(2.0) N2 N
-1 0 > X
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Solution

(@
(v—a)’ =ax
\ (Replace x by x —2) Transformation 4
(y-a) =a(x-2)
J (Replace y by 3y)  Transformation B
(By-a)’ =a(x-2)

The resulting curve is (3y —a)® = a(x—2).

. . 4
The resulting curve passes through point (2, Ej

Substitute x = 2 and y =% into 3y —a)’ =a(x-2).

(4-a) =a(2-2)
(4-a) =0
a=4 (Shown)

(b) Substitute a = 4 into (y —a)* = ax.

(V=4 =4X oo, (D
I < S )
Substitute (1) into (2) :
(kx — 4)* =4x

k*x* —8kx +16=4x
X+ (-8k—4)x+16=0
For the line not to meet the parabola, Discriminant < 0.
(-8k—4)* —4k*(16) <0
64k> + 64k +16k —64k> <0
64k +16<0

k<—l
4

The range of values of & is k < —%.
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Solution

(a) The graph of y=f(x) for —-1<x<4

y
(-1,4) A
(2,2)——(4,2)
0. 1)
] ) .
(1,-2)
(2,-3)

From the graph above, the range of f =[-3, 4].

(b) y=e-x
e Replace xby —x  (Reflect about the y-axis)
y=e " —x
y=x+e 7’

1
B Replace x by 5x (Scale parallel to x-axis by scale factor of g)

y=5x+e’?

4 Replace xby x+1 (Translate | unit in the negative x-direction)

—S(x+1)-2

y=5(x+1)+e

The equation of the original curve y = 5x+5+¢>*"".
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